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Abstract. The ﬂow dimensions of fractured media were usu-
ally predeﬁned before the determination of the hydraulic pa-
rameters from the analysis of ﬁeld data in the past. How-
ever, it would be improper to make assumption about the
ﬂow geometry of fractured media before site characterization
because the hydraulic structures and ﬂow paths are complex
in the fractured media. An appropriate way to investigate
the hydrodynamic behavior of a fracture system is to deter-
mine the ﬂow dimension and aquifer parameters simultane-
ously. The objective of this study is to analyze a set of ﬁeld
data obtained from four observation wells during an 11-day
hydraulic test at Chingshui geothermal ﬁeld (CGF) in Tai-
wan in determining the hydrogeologic properties of the frac-
tured formation. Based on the generalized radial ﬂow (GRF)
model and the optimization scheme, simulated annealing, an
approach is therefore developed for the data analyses. The
GRF model allows the ﬂow dimension to be integer or frac-
tional. We found that the fractional ﬂow dimension of CGF
increases near linearly with the distance between the pump-
ingwellandobservationwell, i.e.theﬂowdimensionofCGF
exhibits scale-dependent phenomenon. This study provides
insights into interpretation of fracture ﬂow at CGF and gives
a reference for characterizing the hydrogeologic properties
of fractured media.
1 Introduction
For the determination of the hydrogeologic parameters, the
traditional methods usually assume that the ﬂow dimensions
are predeﬁned along with assumptions of homogeneity and
isotropy before analyzing hydraulic test data. However, it
will be normally the circumstance that no presumption about
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the dimension of the ﬂow system can be made with conﬁ-
dence (Chakrabarty, 1994). In addition, the fractional ﬂow
dimension of the fracture zones is related to the connectivity
of the fracture system, spatial and temporal variations of ﬂow
dimension; therefore, it may provide information on possible
interconnectionsofmajorfracturezones(AcunaandYortsos,
1995; Leveine et al., 1998; Leveinen, 2000). Since the hy-
drological, geothermal, and petroleum resources are plentiful
in fractured media, it is important to determine the hydraulic
parameters and the ﬂow dimension simultaneously.
When analyzing data from the hydraulic test, it is difﬁcult
to choose an appropriate ﬂow dimension in a fractured for-
mation system. The ﬂow geometry may be considered as a
three-dimensional (3-D) spherical ﬂow if the fracture den-
sity is large and its distribution is isotropic. On the other
hand, a one-dimensional (1-D) or two-dimensional (2-D)
ﬂow model would probably be preferred (Barker, 1988) if
the fracture density is low and its distribution is anisotropic.
Theis (1935) presented an analytical solution to describe the
radial ﬂow with a line source, while it would be more appro-
priate to assume the cylindrical ﬂow model is 2-D. The Theis
model has been found to be inconsistent with some draw-
down curves from fractured medium (Hamm and Bidaux,
1996; Leveinen, 2000; Le Borgne et al., 2004) and lin-
ear ﬂow has been recognized in some fractured formations
(Jenkins and Prentice, 1982). For fractured rocks, however,
the ﬂow dimensions may vary from 1-D to fully 3-D situa-
tions and they also include intermediate non-integer dimen-
sions (Barker, 1988). Some models were proposed to de-
scribe the behavior of fracture systems (e.g. Barker, 1988;
Chang and Yortsos, 1990; Acuna and Yortsos, 1995; Lods
and Gouze, 2008). Barker (1988) developed a generalized
radial ﬂow (GRF) model for hydraulic tests in fractured for-
mations by regarding the dimension of the ﬂow as a param-
eter. Both integer and non-integer dimensions are therefore
possible in the GRF model. Walker and Roberts (2003) in-
dicated that the ﬂow dimension is not necessarily a simple
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function of radial distance. They mentioned that ﬂow geom-
etry and heterogeneity are interchangeable when interpreting
the ﬂow dimension based on the assumption that hydroge-
ologic properties are function of radial distance. Chen and
Liu (2007) pointed out that the determination of apparent
ﬂow dimensions should consider all other knowledge of the
system in order to construct a meaningful conceptual model
of the system when commenting on the article by Walker and
Roberts (2003).
For the ﬂow dimension of fractured formation, Kuusela-
Lahtinen et al. (2003) used the GRF model to examine the
possibility in characterizing the hydrogeologic properties of
fractured formation by the ﬂow dimension determined from
constant pressure injection tests. They demonstrated that
there is a systematic trend in their results with higher di-
mensions corresponding to somewhat higher conductivities
and clearly higher values of speciﬁc storage. Several cases
in their study yielded a consistently acceptable ﬁt in a var-
ied range of ﬂow dimension. Their explanation is that the
injection ﬂow is not sufﬁciently instantaneous at the begin-
ning; therefore, this part of the injection ﬂow curve can not
be used in the curve ﬁtting. The problem of such non-unique
ﬁts may be caused by the use of ﬂow dimension being equal
to 2, 2.5 and 3, rather than any arbitrary (non-integer) value
in the type-curve ﬁtting. In addition, the vertical ﬂows might
be produced near their tested boreholes which had 10m and
2m packer spacing in the depth ranging from 300 to 450m.
The GRF model does not consider the vertical ﬂow and thus
it may not be appropriate to apply it in analyzing their sam-
ple data. The validity of their conclusion is therefore dubious
because there is a trend in the results with higher dimensions
corresponding to higher conductivities and speciﬁc storage.
Le Borgne et al. (2004) described the average scaling prop-
erties of the spatial and temporal evolution of the drawdown
cone in response to pumping in a heterogeneous fractured
aquifer. They veriﬁed the fractional ﬂow models presented
by Barker (1988) and Acuna and Yortsos (1995) and ob-
tained consistent fractional ﬂow dimension from each of 7
observation wells. Walker et al. (2006) applied a numerical
Monte Carlo analysis of an aquifer test for three stochastic
models (multivariate Gaussian, fractional Brownian motion
and percolation network) to simulate heterogeneous ﬁelds of
transmissivity. They further examined the behavior of the
ﬂow with non-integer dimensions and their results indicated
that the ﬂow dimension may be useful in selecting hydroge-
ologic parameters in heterogeneous aquifers. Based on the
previous work of Barker (1988) and Butler and Zhan (2004),
Audouin and Bodin (2008) proposed new semi-analytical so-
lutionsforinterpretingthecross-boreholeslugtestswithcon-
sidering the fractional ﬂow dimension of the aquifer and in-
ertial effects at both the test and observation wells. Raﬁni
and Larocque (2009) explored the use of ﬂow dimensions
in interpreting the fractional ﬂow behaviors. They indicated
that Barker’s theory can be successfully applied to a discon-
tinuum. Verbovˇ sek (2009) addressed the difference between
ﬂow dimension and fractal dimension. The former, deﬁned
asaparameterintheGRFmodel, reﬂectsthedeﬁcitorexcess
of interconnected ﬂow paths in fractured rocks compared to
one-, two-, or three-dimensionally connected networks (Lev-
einen, 2000). The latter characterizes a property of fracture
networks obtained from the fracture traces in outcrops. He
further analyzed the ﬂow dimensions of different dolomite
aquifers in Slovenia. The analyses of ﬂow dimension of 72
pumping tests were performed using AQTESOLV based on
the GRF model. The results show that there is no corre-
lation between ﬂow dimensions and fractal dimensions of
dolomites and the ﬂow dimensions are lower than the corre-
sponding fractal dimensions in Slovenia. Rehbinder (2010)
further extended Barker’s analysis to develop the analytical
solutions for Dirichlet’s and Neumann’s conditions at the
boundary of a ﬁnite well. He demonstrated that the boundary
value problems originating from the generalized radial ﬂow
model can be solved in closed forms for arbitrary boundary
conditions and for a well of ﬁnite extent.
In the past, hydrogeologists often determined the ﬂow
dimension and hydrogeologic properties of the fractured
aquifers using graphical methods from the analysis of the
observed drawdown data. Based on a straight-line plot tech-
nique, Chakrabarty (1994) presented a fractional dimension
analysis of constant rate interference tests in fractured rocks.
Leveinenetal.(1998)utilizedtheGRFtypecurvestocharac-
terize the hydrogeologic properties of an aquifer in Finland
comprising two subvertical facture zones. Leveinen (2000)
formulated a composite analytical model with a source term
that involves concrete parameters when the ﬂow dimension
is of fractional values. He applied the resulting analytical
solution to analyze pumping test data in a fractured medium
in south central Finland using type curve method. However,
a good match to the Barker’s solution by the graphical ap-
proach was practically impossible because there could be in-
ﬁnitetypecurvesforthecaseofnon-integerﬂowdimensions.
In addition, graphical approaches may introduce extra errors
during the curve ﬁtting procedures.
In addition to the graphical methods, the hydrogeologic
parameters can also be determined from some numerical
methods. Yeh (1987) utilized the nonlinear least-squares and
ﬁnite-difference Newton’s method to determine the aquifer
parameters and gave a fairly intensive literature review on
the determination of the aquifer parameters (e.g. Rai, 1985;
Czarnecki and Craig, 1985; Mukhopadhyay, 1985; Sen,
1986). However, two problems may arise when using such a
gradient-type method to solve the NLS equations. First, non-
convergence is a common problem in NLS if the guessed
parameter values are not close to the target values. Second,
these methods may yield poor results if inappropriate incre-
ment is used when applying the ﬁnite difference formula to
approximate the derivative terms.
In recent years, the global optimization methods based on
heuristic search techniques have emerged rapidly. Simulated
annealing (SA) is one of the major representatives of these
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Fig. 1. Location of the CGF in Taiwan (adapted from Chang and Ramey, 1979).
optimization methods. The theory of SA was developed by
Metropolis et al. (1953). They introduced a simple algorithm
to incorporate the idea of the behavior of a particle system in
thermal equilibrium into numerical calculations of equation
state. SA was applied to solve the optimization problems in
many ﬁelds; it is also useful in the determination of the hy-
drogeologic parameters. Huang and Yeh (2007) used SA and
sensitivity analysis to determine the best-ﬁt aquifer param-
eters of the leaky and unconﬁned aquifer systems. Yeh et
al. (2007) employed SA and genetic algorithm to determine
aquifer parameters of leaky aquifer systems. The major ad-
vantages of SA is its property of using descent strategy but
allowing random ascent moves to avoid possible trap in a lo-
cal optimum.
The Chingshui geothermal ﬁeld (CGF) is a productive
geothermal in Taiwan. It is worth determining its hydraulic
parameters for assessing its hydrological or geothermal re-
sources. The objective of this study is to characterize the
CGF using GRF model, where there is no restriction on the
ﬂow dimension of CGF, veriﬁed as an adequate model for
describing the hydraulic behavior in fractured media (see,
e.g. Le Borgne et al., 2004; Raﬁni and Larocque, 2009;
Verbovˇ sek, 2009). In addition, SA is employed as an op-
timization algorithm and embedded in the GRF model to
determine the hydrogeologic parameters of CGF which is
a well-developed fractured formation. We found that the
ﬂow tends to be planar (one-dimensional) near the pumping
source, cylindrical (two-dimensional) within the intermedi-
ate distance, and spherical (three-dimensional) at certain dis-
tance from the source. This suggests that the fractional ﬂow
dimension of CGF is scale-dependent.
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Fig. 2. The cross-sectional map of the inferred hydrologic feature-
sof the Chingshui hydrothermal system (Tong et al., 2008)
2 Site description and data collection
About a hundred hot springs, classiﬁed as volcanic or non-
volcanic hot springs, are found in Taiwan. The non-volcanic
hot springs are usually located in both the sedimentary
province and the metamorphic terrains of Taiwan. The CGF
is in the metamorphic terrain and situated at the northeast
portion of Taiwan as shown in Fig. 1. This ﬁeld was ﬁrst
selected by a mining research organization for reconnais-
sance survey of geothermal resources in 1973. Further ex-
ploration was undertaken by a petroleum company in 1976 to
explore a usable geothermal resource with greater production
for power generation. Production in the liquid-dominated
CGF is largely from a fractured formation.
The CGF is composed of dark-gray and black slates,
namely the Miocene Lushan Formation which can be divided
lithologically into the Jentse, Chingshuihu, and Kulu Mem-
bers. The Jentse Member is constructed mainly by metasand-
stones intercalated in slates, while the underlying Ching-
shuihu and Kulu Members consist mostly of slates (Tseng,
1978; Chiang et al., 1979).
The cross-sectional map of the Chingshui hydrothermal
system is presented in Fig. 2. There is a normal, NW-SE
striking Chingshuihsi fault along the Chingshui River in the
CGF site. The most convex of the NW-SE thrust faults is
found around this geothermal ﬁeld. It is postulated that the
shear folding tectonic movements might have occurred with
a greater tensile stress around the Chingshui geothermal area
and created well-developed fractures in the slates. In addi-
tion, The CGF is situated at a monocline structure, which is
cut internally by numerous thrust faults that essentially trend
parallel to the bedding (NW-SE) and are lightly curved; the
most important ones are the Tashi, Hsiaonanao and Hanhsi
faults, shown in Fig. 3 (Su, 1978; Hsiao and Chiang, 1979).
There is clear evidence to consider that the geothermal
reservoir is fracture dominated. Faults, joints, and other ex-
tensivefracturesprovidetheconduitsforthegeothermalﬂuid
ﬂow due to the poor porosity and permeability of the slates.
Predominant joints, which are almost aligned perpendicular
to the strike of the strata, are found densely developed in the
sandy Jentse Member. Figure 4 shows the rose diagram and
contour diagram for 67 joints measured at an outcrop of the
Jentse member nearby the CGF (Tseng, 1978). The most
prominent set of joints strikes northwest and dips between
75◦ and 90◦ to the southwest. A less conspicuous set strikes
northeast and dips steeply northwest. The trend of the Ching-
shui River is almost parallel to that of the joints. Its bed is cut
through the slates, which present well-developed fractures.
In the geothermal ﬁeld, there are numerous hot springs and
fumaroles along the river. It is reasonable to interpret that the
riverbed is the area where the major open fractures reach the
surface.
Subsurface data indicate that geothermal production at
Chingshui is largely from a fracture zone in the steeply
dipping Jentse Member (Hsiao and Chiang, 1979). Struc-
tural analyses indicate that this member presents predomi-
nant, well-developed, steeply dipping joints striking between
N25◦ W and N40◦ W. According to Tseng (1978), outcrops
near the area of thermal manifestations also reveal that faults
run parallel for almost 100 to 150 meters striking between
N30◦ W and N35◦ W. However, Tseng (1978) did not pro-
vide the dip direction and the azimuth of the fault. From
the analysis of geologic, gravity, and magnetotelluric data by
Tong et al. (2008), the fault system is N21◦ W and dips to
80◦ to NE.
Both pressure buildup and aquifer test of wells in the CGF
site were performed during 1979. Two preliminary aquifer
tests were conducted to determine whether detectable pres-
sure responses would be available. The third aquifer test pre-
sented a comprehensive set of information for the CGF site
and was conducted to determine the transmissivity and stor-
age coefﬁcient of Chingshui geothermal reservoir for the ini-
tial assessment of geothermal resources in deliverability and
reserves (Chang and Ramey, 1979). During the aquifer test,
the well 16T was produced and pressure responses were ob-
served in other four wells. Hot water production rate ranged
from 80000 to 83500kgh−1 was measured in a weir dur-
ing the 11-day interference test. The total ﬂuid production
rate was calculated from the hot water production rate us-
ing energy-balance criteria for ﬂashing water. During the
test, the wellhead pressure, water production rate and total
ﬂuid production rate at the ﬂowing well 16T were stabilized
at 3.59 bars, 80000kgh−1 and 105000kgh−1, respectively.
The aquifer thickness B is about 300m. Wellhead pressures
were monitored at all the observation wells except 5T and
13T. These two wells appeared to be unreliable due to the
equipment malfunction. The distances between the pump-
ing well 16T and the observation wells 4T, 9T, 12T and
14T are 175, 300, 90 and 330m, respectively (Fan et al.,
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Fig. 3. Geological map of the Chingshui geothermal area describing Chingshuihu, Jentse, and Kulu members of the Miocene Lushan
Formation (Su, 1978; Hsiao and Chiang, 1979)
2005). Equivalent to 80th−1 of hot-water in well 16T was
measured and the total production rate of well stream was
1.89m3 min−1 during the test. The wellhead pressure for the
observation wells is measured at about 24 hourly intervals.
The set of observed data is presented in Table 1 (Chang and
Ramey, 1979). The differences in the wellhead pressure 1p
(kgcm−2) are converted into drawdown in meter.
The wells were drilled by the petroleum company from
1976. The system reached the thermal equilibrium between
the borehole ﬂuid and the formation before the tests were un-
dertaken in 1979. Accordingly, there was no variation in the
borehole ﬂuid temperature during the aquifer test. In addi-
tion, the temperature might not have minor inﬂuence on the
results of the tests (Pickens et al., 1987).
3 Methodology
3.1 Generalized radial ﬂow model
Barker (1988) developed a solution for n-dimensional ra-
dial ﬂow in an inﬁnite domain from an n-dimensional sphere
source. The ﬂow dimension of the radial ﬂow may be integer
or non-integer. Using Theis assumptions, Barker (1988) gave
a generalized ﬂow equation expressed in term of drawdown
as:
Ss
∂s
∂t
=
K
rn−1
∂
∂r

rn−1∂s
∂r

(1)
where Ss is the speciﬁc storage of the fracture system; K is
the hydraulic conductivity; n is the dimension of the fracture
ﬂow system; r is the radial distance from the centre of the
source; t is the well production time. For the constant-rate
condition, the solution can be written as:
s(r,t)=
Qr2v
4π1−vTb2−n0(−v,u) (2)
where
v =1−
n
2
(3)
and
u=
Sr2
4Tt
(4)
where 1/u is the dimensionless time; Q is the constant well
production rate; b is the extent of the ﬂow region; 0(−v,u)
is a complementary incomplete gamma function; T is the
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Table 1. Aquifer Test in CGF (Chang and Ramey 1979).
Observation Wells Flowing Well
4T 9T 12T 14T 16T
Time (h) WHP∗ 1p∗∗ s∗∗∗ WHP 1p s WHP 1p s WHP 1p s WHP 1p Weir Water
Rate(th−1)
(kgcm−2) (psi) (m-H2O) (kgcm−2) (psi) (m-H2O) (kgcm−2) (psi) (m-H2O) (kgcm−2) (psi) (m-H2O) (kgcm−2) (psi)
0 12.09 172 0.00 9.70 138 0.00 13.15 187 0.00 9.35 133 0.00 18.14 258 0
18.5 12.02 171 0.73 9.63 137 0.70 13.01 185 1.41 9.35 133 0.00 4.85 69 24
42.5 11.81 168 2.93 9.49 135 2.11 12.80 182 3.52 9.14 130 2.11 4.08 58 83.5
66.5 11.67 166 4.41 9.35 133 3.52 12.80 182 3.52 8.79 125 5.63 3.94 56 83.1
90.5 11.67 166 4.41 9.14 130 5.63 12.66 180 4.92 8.79 125 5.63 3.94 56 83.1
114.5 11.60 165 5.14 9.14 130 5.63 12.59 179 5.63 8.65 123 7.03 3.94 56 82
138.5 11.53 164 5.87 9.14 130 5.63 12.52 178 6.33 8.51 121 8.44 3.94 56 82.4
162.5 11.53 164 5.87 9.07 129 6.33 12.44 177 7.03 8.44 120 9.14 3.80 54 82.4
186.5 11.46 163 6.61 9.00 128 7.03 12.37 176 7.74 8.37 119 9.85 3.80 54 81
210.5 11.39 162 7.35 8.93 127 7.74 12.30 175 8.44 8.37 119 10.55 3.73 53 80
234.5 11.39 162 7.35 8.93 127 7.74 12.30 175 8.44 8.23 117 11.25 3.66 52 80
258.5 11.32 161 8.08 8.86 126 8.44 12.30 175 8.44 8.09 115 12.66 3.66 52 80
* WHP: Wellhead pressure ** 1p: Pressure difference *** s: Drawdown.
transmissivity; S is the storage coefﬁcient. When the ﬂow
dimension n is equal to 2, Eq. (2) reduces to the equation
introduced by Theis (1935) as:
s(r,t)=
Q
4πT
E1(u) for n=2 (5)
where E1(x) is the exponential integral.
Using the GRF model, the well is mathematically imple-
mented as a plane for perfectly linear ﬂow (n = 1) and b
equals the square root of the throughﬂow area at the source.
The parameter b is the thickness of the aquifer and the ﬂow is
cylindrical (n=2). For spherical ﬂow (n=3), the term b3−n
becomes unity, and the value of b is therefore irrelevant.
3.2 Simulated annealing
The concept of SA is analogous to the physical annealing
process which is to heat up an object from solid phase to liq-
uid phase and then let it cool down slowly. As the tempera-
ture is reduced, the atomic energies decrease. As it is crystal-
lized, the system energy of the object will be in the minimum
state. Based on the annealing concept, SA was constructed
for solving the optimization problems. During the calcu-
lation procedure, the system allows the solutions to escape
from a local optimum. The temperature is increased to en-
hance the molecule mobility at the beginning of the process.
Then the temperature is slowly decreased to form molecules
as crystalline structures. The molecules have high activity
when the temperature is high and the crystalline conﬁgura-
tions have various forms. If the temperature is cooled prop-
erly, the crystalline conﬁguration is in the most stable state;
thus, the minimum energy level may be naturally reached.
The concept and the process of SA are explained more detail
in Kirkpatrick et al. (1983).
3.3 Application of SA
The hydrogeologic parameters of ﬁeld data can be deter-
mined based on the analytical solution coupled with SA in
minimizing the sum of square differences between the ob-
served and predicted hydraulic heads. The ﬁrst step in SA
is to generate a trial solution for unknown parameters from a
random number generator. Each parameter value has its own
upper and lower bounds. Once the guessed parameter val-
ues are generated, Eq. (2) is used to calculate the hydraulic
heads. At the beginning, the initial solution is considered as
the current optimal solution. Then, SA generates new trial
solutions and calculates its corresponding objective function
value (OFV). The objective function is deﬁned as
Minimize
p X
i=1
(Ohi −Ehi)2 (6)
where Ohi and Ehi are the observed and predicted heads, re-
spectively, at different time and p is the number of observed
data.
With the OFV, the algorithm of SA checks the trial solu-
tion to see whether this one is a new optimum or not in the
next step. If the OFV satisﬁes Metropolis criterion (Pham
and Karaboga, 2000) described below, the current optimal
solution is replaced by the trial solution. Otherwise, the al-
gorithm will continue generating the new trial solution.
The Metropolis’s criterion is given as (Metropolis et al.,
1953):
PSA{acceptj}=

1,iff(j)≤f(i)
exp(
f(i)−f(j)
Te ),iff(j)>f(i)
(7)
where PSA is the accepted probability of the trial solution,
f(i) and f(j) are the function value when x =xi and x =xj,
respectively, and xi and xj are the current best solution and
neighborhood trial solution of x, respectively. Here Te, a
control parameter, is the current temperature.
The temperature value depends on the scale of the objec-
tion function f of the problem. Kirkpatrick (1984) suggested
that a suitable initial temperature T0 is one that results in an
average probability χ0 of a solution that increases thef being
accepted of about 0.8. It can be determined by conducting an
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Fig. 4. (a) Rose diagram and (b) contour diagram of 67 joints of
Jentse member in the Chingshui geothermal area (Tseng, 1978).
initial search in which all increases in fare accepted and cal-
culating the average objective increase in observed ¯ δf +. The
initial temperature T0 is then given by:
T0 =−(¯ δf +)/ln(χ0) (8)
where ¯ δf + is the increase in f.
In SA, after N×NT×NS function simulations, the tem-
perature Te is decreased by the temperature reduction fac-
tor RTe even if no improvement in the optimum takes place.
Note that N represents the number of considered variables,
NS represents the number of steps at a speciﬁc temperature,
and NT represents the number of times through the loop. The
new temperature is then
Te0 =RTe×Te (9)
The value of RTe is constant and smaller than one (Pham
and Karaboga, 2000). The temperature should be cooled
properly to guarantee the resulting solution being the global
optimal solution. The parameter estimation process will be
terminated when the resulting solution satisﬁes the stopping
criteria. Two criteria are considered in this study. The ﬁrst
one is to check whether the absolute difference between two
OFVs obtained at two consecutive temperatures is less than
10−9 nine times successively. The second one is to check
whether the total function evaluations exceed a chosen max-
imum evaluation, say 106 in this study.
The standard error of estimate (SEE) is deﬁned as
SEE=
v u
u t1
ν
n X
i=1
e2
i (10)
where ei is the difference between the observed drawdown
and predicted drawdown and v is the degree of freedom,
which equals the number of observed data points minus the
number of unknowns. (Note that here v is 11-3 for GRF
model).
4 Data analyses and discussion
The approach, based on the GRF model coupled with the SA
algorithm, is used to analyze the test data from each observa-
tion well at the CGF site for simultaneously determining the
ﬂow dimension and hydrogeologic parameters of the CGF. A
pumping test with 4 observation wells was conducted over a
period of 10.8days (258.5h). Such a long pumping period
produced the drawdowns ranged from 8.08m to 12.66m in
the observation wells. The radii of inﬂuence ranging from
1600m to 2400m cover the entire CGF. Thus, those draw-
down data should be able to interpret the ﬁeld ﬂow system
and hydrogeologic properties of the CGF.
The geology of CGF can be regarded as homogenous be-
cause it has well-developed fractures in the slates. In addi-
tion, the formation of CGF is further considered as isotropic.
An anisotropic analysis of the drawdown data from the ob-
servation wells is performed using the anisotropic model of
Papadopulous (1965). The Papadopulous model is
Txx
∂2s
∂x2 +2Txy
∂2s
∂x∂y
+Tyy
∂2s
∂y2 +Qδ(x)δ(y)=S
∂s
∂t
(11)
where Txx,Txy, and Tyy are the components of transmissivity
tensor in the Cartesian coordinates and s is the drawdown.
Four sets of drawdown data obtained from the combination
of three wells from the four observation wells and one set of
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drawdown data obtained from the composite wells as shown
in Table 2 are analyzed using Papadopulous’ model with
known coordinates of the well locations. The coordinates of
the observation wells measured from pumping well 16T are
(−89m, 150.65m) for 4T, (−79m, 289m) for 9T, (55m,
71m) for 12T and (260m, −200m) for 14T. The angles of
the wells can also be estimated from the coordinates of the
well locations. The results of anisotropic analysis are also
shown in Table 2 with Tξξ and Tηη deﬁned as the major and
minor principal directional components of the transmissivity
tensor, respectively and θ deﬁned as the angle between the
x-axis and the direction of the major principal transmissivity.
The parameters Tξξ, Tηη and θ are deﬁned, respectively, as
Tξξ =
1
2

(Txx +Tyy)+
h
(Txx −Tyy)2+4T 2
xy
i1/2
(12)
Tηη =
1
2

(Txx +Tyy)−
h
(Txx −Tyy)2+4T 2
xy
i1/2
(13)
and
θ =arctan

Tξξ −Txx
Txy

(14)
As mentioned above, the most prominent set of joints
strikes are about −50◦ and −65◦ from the W-E direction
(i.e. N25◦ W and N40◦ W). The results demonstrate that the
major transmissivities have similar directional components
as the prominent joints in sets 1 to 3. Theoretically, the ma-
jor transmissivity and the prominent joints in all set of ex-
periments are situated in the same direction. However, the
directions in sets 4 and 5 are inconsistent with the direction
of prominent set of joints in Fig. 4a. The major direction
of transmissivity in set 4 is even perpendicular to the direc-
tion of prominent set of joints. The analysis of wells using
anisotropic model implies that besides faults and joints, there
might be a highly well-developed fracture or micro-fracture
network in the ﬁeld. The results demonstrate that the prin-
cipal directions of transmissivities are different in all sets of
wells and there is no obvious evidence to show the existence
of anisotropy in this ﬁeld. The GRF model is therefore ap-
plicable to the CGF because it is homogeneous and isotropic
based on the ﬁeld description and anisotropic analysis.
The estimated results for ﬂow dimension and hydrogeo-
logic parameters of CGF given in Table 3 are obtained from
the proposed approach. The results obtained from Theis’
model (i.e. n=2 case) are also provided in this table. The
estimated results range from 1.31 to 2.27 for the ﬂow di-
mension, 48.9×10−3 to 99.9×10−3 m2 min−1 for the trans-
missivity, and 3.64×10−3 to 9.99×10−3 for the storage
coefﬁcient. The average values of transmissivity and stor-
age coefﬁcient are 79×10−3 m2 min−1 and 6.235×10−3,
respectively. The plots of the predicted drawdowns at dif-
ferent wells from Theis’ model (n = 2) are compared with
those from GRF model as shown in Fig. 5. Since the residual
plot is an auxiliary tool to assess the goodness-of-ﬁt of the
model, the residuals calculated from Theis’ and GRF models
for different wells are further demonstrated in Fig. 6. The re-
sults show that there is no obvious difference in the residual
plots obtained from Theis’ and GRF models except the re-
sults of well 12T. As listed in Table 1, the aquifer test started
at 18.5h to 258.5h and the drawdown data are observed dur-
ing this period. Using the estimated aquifer parameters for
each observation well in Table 3 and the deﬁnition of di-
mensionless time (1/u) in Eq. (4), the dimensionless time of
these drawdown data falls in the ranges of 1.38 to 19.30, 0.96
to 13.46 and 0.59 to 8.27 for wells 4T, 9T and 14T, respec-
tively. As shown in Fig. 7 (Barker, 1988), it is rather difﬁcult
to discriminate the curves of Theis’ model and other models
in this range because they all have very similar drawdown
shapes. On the other hand, it is rather easy to distinguish
the model for well 12T from Theis model since its dimen-
sionless time ranges from 5.5 to 76.6. In addition, as shown
in Fig. 6c, the predicted drawdown at well 12T from the
GRF model has smaller residuals than those from the Theis’
model. This indicates that the GRF model is more appropri-
ate than the Theis’ model for describing the CGF data. Note
that large differences in parameter values would be obtained
if the ﬂow dimension is assumed to be 2 (i.e. Theis’ model).
Although the drawdown curves predicted form Theis’ model
and the GRF model have very similar shape in wells 9T and
14T, the estimated values of transmissivity and storage are
however signiﬁcantly different for both models as listed in
Table 3. The estimated aquifer parameters determined from
GRF model are almost 2 and 5 times as large as the parame-
tervaluesdeterminedfromTheis’modelinwell9Tand14T,
respectively. Thus, those results indicate that it is inappropri-
ate to pre-assume the ﬂow dimension as 2 (e.g. using Theis’
model) in the determination of hydrogeologic parameters.
4.1 Weighted least squares
A weighted objective function might be adopted in the re-
gression analysis if the observed data have nonconstant vari-
ance (Berthouex and Brown, 2002) or the data have differ-
ent relative reliability (Xu and Eckstein, 1995). The weights
assigned in the weighted least squares are generally chosen
to be inversely proportional to the values of independent or
dependent variable (Berthouex and Brown, 2002, p. 331) or
proportional to the quality of the data, i.e. higher weights re-
ﬂect more reliable data points (Xu and Eckstein, 1995). The
sensitivity analysis is performed to investigate the normal-
ized sensitivities (Huang and Yeh, 2007) of the drawdown
with respect to the ﬂow dimension nand the aquifer parame-
ters Tand S. Figure 8 shows that the drawdown is sensitive
to the changes of n and T except at the early period of the
pumping. The normalized sensitivity of S is relative small
compared with those of T and n. In addition, the normal-
ized sensitivities of the drawdown with respect to n, T, and
S are continuously increased through the end of the pump-
ing, indicating that the late-time drawdown data are more
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Table 2. Anisotropic analysis of the drawdown data from CGF.
Set
1 2 3 4 5
9T, 12T, 14T 4T, 12T, 14T 4T, 9T, 12T 4T, 9T, 14T All wells
Tξξ(m2 min−1) 8.574 9.95 1.48 1.087 1.081
Tηη(m2 min−1) 6.31×10−4 5.0×10−4 1.5×10−3 1.4×10−3 1.4×10−3
θ −36◦ −443◦ −86◦ 53◦ −19◦
Tξξ and Tηη are the major and minor principal directional components of the transmissivity tensor; θ is the angle between the x-axis and the direction of the major principal
transmissivity.
Table 3. The distances from pumping well and the estimated hydrogeologic parameters for 4T, 9T, 12T and 14T by SA.
Observation
wells
Estimated hydrogeologic parameters
SEE (m2)
r∗ (m) model n T (m2 min−1) S
12T 90
GRF 1.31 99.9×10−3 9.99×10−3 0.38
Theis 2.0 40.2×10−3 18.1×10−3 0.39
4T 175
GRF 1.95 48.9×10−3 5.13×10−3 0.35
Theis 2.0 46.2×10−3 5.13×10−3 0.33
9T 300
GRF 2.11 71.2×10−3 3.64×10−3 0.44
Theis 2.0 37.8×10−3 1.94×10−3 0.41
14T 330
GRF 2.27 96.0×10−3 6.54×10−3 0.57
Theis 2.0 20.6×10−3 1.40×10−3 0.54
r is the radial distance from pumping well to observation well.
critical than the early-time drawdown data. The weights
wi = ti/
11 P
i=1
ti, where ti denoted as i− the production time,
reﬂect the fact that the late-time data is more important to the
observed drawdown than the early-time data. Table 4 lists
the parameters estimated by the weighted least squares form
data obtained at different observation wells. Apparently, the
parameters estimated by the weighted least squares are not
signiﬁcantly different from those by the unweighted one as
shown in Table 3. In addition, the new ﬂow dimension also
increases with the distance between the pumping well and
the observation well.
4.2 Robustness and reliability of SA
For examining the robustness and reliability of SA in param-
eter identiﬁcation, Yeh et al. (2007) and Huang et al. (2008)
presentedthesensitivityanalysesofcontrolparametersinSA
for the parameter identiﬁcation. They demonstrated that the
use of different temperature reduction factors does not affect
the results of the parameter identiﬁcation. Table 5 shows the
parameters and ﬂow dimension of CGF determined form the
data observed at 4T, 9T, 12T and 14T when the temperature
Table 4. The parameters estimated by weighted least squares.
Observation
well
r (m) Estimated hydrogeologic parameters
SEE(m2)
n T(m2 min−1) S
12T 90 1.31 96.6×103 9.97×103 0.108
4T 175 1.51 99.5×103 5.15×103 0.089
9T 300 2.15 93.3×103 4.62×103 0.115
14T 330 2.23 75.3×103 5.22×103 0.140
reduction factor RTe varies from 0.50 to 0.90 with an incre-
ment of 0.05. The estimated parameters and ﬂow dimension
with the accuracy of three signiﬁcant digits are all the same
for different values of RTe, indicating that the parameter es-
timation is independent of RTe.
4.3 Hydrogeologic interpretation
One may expect that the drawdown response at a point ad-
jacent to a pumping well might interpret the fracture ﬂow
system as a linear system. In contrast, for a point far away
from the pumping well, the ﬂow tends to be cylindrical. The
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Fig. 5. The drawdowns for different models: Observation well (a) 4T; (b) 9T; (c) 12T; and (d) 14T.
analyzed results obtained from the proposed approach indi-
cate that the ﬂow dimension of the fracture zone between
wells 12T and 16T is about 1.31, implying that the fracture
ﬂow displays the characteristic of linear or elliptical ﬂow in
the region near well 12T. On the other hand, the estimated
ﬂow dimensions are 1.97, 2.11 and 2.27 for the data obtained
from the wells 4T, 9T and 14T, respectively. The pressure
response at well 4T demonstrates the characteristic of radial
ﬂow, which is indeed the Theis’ ﬂow. The pressure responses
at wells 9T and 14T show the ﬂow varying from cylindrical
toward spherical It clearly exhibits that the ﬂow dimension of
CGF increases with the distance between pumping well and
observation well. Naturally, the increase with the ﬂow dis-
tance also reﬂects the complexity of fracture orientation and
interconnectivity of the rock mass and thus the variability of
ﬂow direction in a fractured medium as well. Le Borgne et
al. (2004) investigated the time series of drawdowns which
were recorded in piezometers located at distances ranging
from 2 to 400m from the pumping well and within the period
ranging from 5 to 88days. They analyzed short-, medium-,
and long-term pumping test data sets using the GRF model to
determine the ﬂow dimensions. The short-term pumping test
in seven wells lasted for 5days, the medium-term test in two
wells lasted for 13days and the long-term test in two wells
lasted for 88days. Their results show that the estimated ﬂow
dimensions lie in the range from 1.4 to 1.7 and there is no ob-
vious relation between the ﬂow dimension and the distance
from the pumping well. Their results and conclusions may
however not be valid if they are based on the following two
conditions:
4.3.1 Geological features
The site chosen to perform the data analysis in their study
was located at the contact of two main tectonic features. One
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Fig. 6. The residuals for different models: Observation well (a) 4T; (b) 9T; (c) 12T; and (d) 14T.
was a regional contact between granite and schist while the
other had two parallel faults that shift the contact zone. The
contact zone was characterized by an alternation of schist
enclaves and granitic dykes of aplites and pegmatites. All
the pumping wells and piezometers were located at this re-
gion. It is not surprised that the estimated ﬂow properties
are characterized in the transition between linear and radial
ﬂows (i.e. the ﬂow dimension ranging from 1.4 to 1.7) in
their study since the ﬂow regime may be strongly inﬂuenced
by these two parallel faults. According to the tectonic de-
scriptionsmentionedabove, thissiteishighlyheterogeneous,
which may seriously violate the homogeneous assumption of
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Fig.7. Dimensiondrawdownandtimecurves(ModiﬁedfromFig.2
in Barker (1988)).
Fig. 8. The time-drawdown data and the sensitivities of the hy-
draulic parameters T, S and the ﬂow dimension n.
the GRF model. The validity of their estimated ﬂow dimen-
sions and hydrogeologic properties is thus questionable.
4.3.2 Fitting models
Le Borgne et al. (2004) used a graphical ﬁtting procedure
to determine the ﬂow dimension for the data obtained from
a long-term test. They ﬁtted the asymptotic model for
medium- and long-term data sets based on the inﬁnite time
assumption. The incomplete gamma function in Eq. (1) can
be expressed as
0(−ν,u)=−
1
ν
0(1−ν)+
u−1
ν
M(−ν,1−ν,−u) (15)
where M(a,b,x) is the Kummer’s function which has the
value of 1 when x tends to zero (Abramowitz and Stegun,
Table 5. The estimated values of hydrogeologic parameters for 4T,
9T, 12T and 14T using various temperature reduction factor RTe
varies from 0.50 to 0.90 with an increment of 0.05.
4T
RTe T(m2 min−1) S n
0.50∼0.9 48.9×10−3 5.13×10−3 1.95
9T
RTe T(m2 min−1) S n
0.50∼0.9 71.2×10−3 3.64×10−3 2.11
12T
RTe T(m2 min−1) S n
0.50∼0.9 99.9×10−3 9.99×10−3 1.31
14T
RTe T(m2 min−1) S n
0.50∼0.9 96.0×10−3 6.54×10−3 2.27
1965). Thus, the asymptotic form of Eq. (1) is
h(r,t)=
Q0r2ν
4π1−νKb3−nν

(
4Kt
Sr2 )ν −0(1−ν)

(16)
The dimensionless form of Eq. (16) obtained using the def-
initions of dimensionless drawdown and dimensionless time
in Le Borgne et al. (2004) is
s∗ =
1
ν

(t∗)ν −0(1−ν)

(17)
where
s∗ =
h(r,t)
h
Q0r2ν
4π1−νKb3−n
iand t∗ =(
4Kt
Sr2 ) (18)
Eq. (18) was simpliﬁed in Le Borgne et al. (2004) by neglect-
ing the second right-hand-side term as:
n=2×

1−
dlogs
dlogt

(19)
They ﬁtted the medium- and long-term data using Eq. (19).
As shown in Fig. 9, there is a large difference between the
asymptotic and exact dimensionless drawdown, especially in
the cases of small dimensionless time and/or large n. In Le
Borgne et al. (2004), the range of ﬂow dimension is from 1.4
to 1.7 and there are distinct differences between asymptotic
and exact dimensionless drawdown in this range of ﬂow di-
mension. The accuracies of their estimated ﬂow dimension
and hydrogeologic parameters are therefore questionable.
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Fig. 9. Dimensionless drawdown versus dimensionless time for
ﬂow dimension n varying from 1.4 to 1.7.
5 Concluding remarks
This study ﬁrst develops an approach, combined the GRF
model with a heuristic optimization scheme, SA, for deter-
mining the fractional ﬂow dimension and hydrogeologic pa-
rameters of the fractured medium. The measured drawdowns
obtained from four observation wells during an 11-day long
hydraulic test performed at CGF in Taiwan are then chosen
for the data analysis using the present approach. The results
demonstrate that the present approach can successfully de-
termine the ﬂow dimension and hydrogeologic parameters
of the CGF fractured formation. We found that the ﬂow di-
mension increases with the distance between the pumping
well and the observation well. This paper provides a useful
approach and a case study in analyzing ﬁeld pumping test
data obtained from fractured formations for simultaneously
determining the ﬂow dimension and hydrogeologic parame-
ters. We hope that this paper can stimulate further research
on the topic of scale-dependent effect on ﬂow dimension of
fractured media.
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